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Abstract
We characterize when a convex risk measure associated to a law-invariant acceptance set in L∞
can be extended to Lp, 1 ≤ p < ∞, preserving finiteness and continuity. This problem is strongly
connected to the statistical robustness of the corresponding risk measures. Special attention is paid
to concrete examples including risk measures based on expected utility, max-correlation risk measures,
and distortion risk measures.
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1 Introduction
The objective of this paper is to complement the paper [10] by Filipovic´ and Svindland. The main
result in that paper is Theorem 2.2 stating that every convex, law-invariant, lower semicontinuous map
f : L∞ → R ∪ {∞} can be uniquely extended to a map on L1 satisfying the same properties. In this
sense, L1 can be viewed as the canonical space for this type of maps. The results in [10] are presented
∗Partial support through the SNF project 51NF40-144611 “Capital adequacy, valuation, and portfolio selection for insur-
ance companies” is gratefully acknowledged.
1Email: pablo.koch@bf.uzh.ch
2Email: cosimo.munari@math.ethz.ch
1
in the context of a standard probability space but can be extended to a nonatomic setting as shown in
Svindland [18].
The authors in [10] are mostly concerned with the application of their results in the context of cash-
additive risk measures. It is well-known that any cash-additive risk measure on L∞ is automatically
finite-valued and (Lipschitz) continuous. It is also well-known that cash-additive risk measures on Lp,
1 ≤ p < ∞, need not be either finite-valued or continuous. Consequently, the following two questions
arise in a natural way: When does a cash-additive risk measure on L∞ admit a finite-valued, continuous
extension to Lp for a given 1 ≤ p <∞, and, which is the “largest” space Lp for which such an extension
exists?
We provide a full answer to the previous questions, characterizing those convex, law-invariant, cash-
additive risk measures defined on L∞ that can be extended to Lp spaces preserving finiteness and con-
tinuity. In fact, our main result provides a characterization in the more general setting of risk measures
studied by Farkas, Koch-Medina, and Munari in [8], where cash additivity is not required. More precisely,
we show that the existence of finite, continuous extensions depends on the properties of the underlying
acceptance sets. Special attention is paid to several concrete examples, including risk measures based on
expected utility, max-correlation risk measures, and distortion risk measures. These examples show that,
if finiteness and continuity are to be preserved, the “canonical” model space for convex, law-invariant
risk measures is not always L1 but can be any space Lp, 1 ≤ p ≤ ∞. In particular, there are (even
cash-additive) risk measures that cannot be extended beyond L∞ maintaining finiteness and continuity.
The previous questions turn out to be intimately related to the statistical robustness for risk measures as
discussed by Kra¨tschmer, Schied, and Za¨hle in [15], highlighting the practical relevance of our results and
our examples. Indeed, when risk measures are implemented to define capital adequacy requirements for
financial institutions, or margin requirements for the participants of a central exchange, their statistical
robustness is crucial to guarantee that the corresponding capital requirements are stable with respect to
small changes in the distributions of the underlying positions. In this respect, our examples can be seen
to be complementary to [15].
2 Preliminaries
Let X be an ordered topological vector space over R with positive cone X+ and topological dual X
′.
The space X represents the set of all possible capital positions – assets net of liabilities – of financial
institutions at a fixed future date t = T .
We assume A ⊂ X is an acceptance set, i.e., a nonempty, proper subset of X satisfying A + X+ ⊂ A .
We interpret the elements of A as those capital positions which are deemed acceptable by an external or
internal “regulator”. Moreover, let S = (S0, ST ) represent a traded asset with price S0 > 0 at time t = 0
and nonzero, terminal payoff ST ∈ X+ at time t = T . The risk measure associated to A and S is the
map ρA ,S : X → R defined by
ρA ,S(X) := inf
{
m ∈ R ; X + m
S0
ST ∈ A
}
. (1)
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For a position X ∈ X , the quantity ρA ,S(X) represents the “minimum” amount of capital that needs to
be raised and invested in the asset S to guarantee acceptability. Clearly, a negative ρA ,S(X) implies that
capital is returned to shareholders. The motivation for studying this type of risk measures is discussed in
detail in [8], where general results on finiteness and continuity are also provided.
We are particularly interested in the case where X is the Banach space Lp, 1 ≤ p ≤ ∞, defined over
a probability space (Ω,F ,P), which we assume to be nonatomic. The corresponding norm is denoted
by ‖·‖p. The space Lp becomes a Banach lattice when additionally equipped with the canonical order
structure, i.e., X ≥ Y whenever this inequality holds almost surely. The conjugate of p will be denoted
by p′, i.e. we set p′ := p1−p .
When X = Lp for some 1 ≤ p ≤ ∞, we can consider risk measures ρA ,S with respect to the cash asset
S = (1, 1Ω). These risk measures are called cash additive. We refer to [11] for a comprehensive treatment
when p =∞. For cash-additive risk measures, we simply write for X ∈ Lp
ρA (X) := ρA ,S(X) = inf{m ∈ R ; X +m ∈ A } . (2)
Note that our general setting also allows for a traded asset S = (S0, ST ) with an arbitrary, positive,
random payoff. Hence, we can also cover situations were no risk-free security exists, as discussed in [8].
3 The general extension theorem
In this section we provide the key extension result for risk measures of the form ρA ,S. Although our main
interest lies in convex risk measures on Lp spaces, to highlight the underlying structure of our result we
first study extension theorems in the setting of abstract ordered topological vector spaces. Throughout
this section L and S will denote two ordered topological vector spaces over R with respective positive
cones L+ and S+. We assume that S is a dense subspace of L . Hence, in addition to its own topology,
the space S can be equipped with the relative topology induced by L , which we call the L -topology.
Moreover, since every functional on L can be restricted to a functional on S , we may also consider the
weak topology σ(S ,L ′) on S where, by abuse of notation, we do not distinguish between functionals
on L and their restrictions to S . In the next section we will take L = Lp, for some 1 ≤ p < ∞, and
S = L∞.
The following theorem is our main result. For a subset A ⊂ L , we denote by clL (A ) the closure of A
with respect to the topology on L .
Theorem 3.1. Let A ⊂ S be a convex, σ(S ,L ′)-closed acceptance set and S = (S0, ST ) a traded
asset with ST ∈ S+. Assume ρA ,S is finite-valued and continuous on S . The following statements are
equivalent:
(a) ρA ,S can be extended to a finite-valued, continuous risk measure on L ;
(b) ρA ,S is continuous at 0 with respect to the L -topology;
(c) A has nonempty interior with respect to the L -topology;
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(d) clL (A ) has nonempty interior in L .
In this case, the extension is unique and is given by ρclL (A ),S.
Before proving Theorem 3.1, it is useful to collect some auxiliary results.
Dual representations and continuity
Let X be an ordered topological vector space over R with positive cone X+ and topological dual X
′.
By X ′+ we denote the set of all functionals ψ ∈ X ′ satisfying ψ(X) ≥ 0 for every X ∈ X+. We start
by stating a dual representation result for convex risk measures of the form ρA ,S in a version that is
convenient for our purposes.
The (lower) support function of a subset A ⊂ X is the map σA : X ′ → R ∪ {−∞} defined by
σA (ψ) := inf
A∈A
ψ(A) . (3)
The set
B(A ) := {ψ ∈ X ′ ; σA (ψ) > −∞} (4)
is called the barrier cone of A . Clearly, the support function of a set A ⊂ X always coincides with the
support function of its closure.
By combining Corollary 4.14 and Theorem 4.16 in [9] we obtain the following result.
Lemma 3.2. Let A ⊂ X be a closed, convex acceptance set and S = (S0, ST ) a traded asset, and set
X
′
+,S := {ψ ∈ X ′+ ; ψ(ST ) = S0} . (5)
Then the following statements are equivalent:
(a) ρA ,S attains some finite value;
(b) ρA ,S does not attain the value −∞;
(c) X ′+,S ∩B(A ) is nonempty.
In this case, for every X ∈ X we have
ρA ,S(X) = sup
ψ∈X ′
+,S
{σA (ψ) − ψ(X)} . (6)
Remark 3.3. Later we will apply this result to the situation where X is either L , equipped with its own
topology, or S , equipped with the σ(S ,L ′) topology. Since both of these spaces have the same dual L ′
we see that for a subset A ⊂ S
σA (ψ) = σclL (A )(ψ) for all ψ ∈ L ′ , (7)
where σA is applied to the restriction of ψ ∈ L ′ to S . In particular, the intersection L ′+,S ∩ B(A ) is
nonempty if and only if L ′+,S ∩B(clL (S )) is also nonempty.
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We now recall a necessary and a sufficient condition for a risk measure of the form ρA ,S to be continuous
on X . For a proof, we refer to Lemma 2.5 and Theorem 3.10 in [8], respectively.
Lemma 3.4. Let A ⊂ X be an acceptance set and S = (S0, ST ) a traded asset.
(i) If ρA ,S is continuous at some point X ∈ X with ρA ,S(X) <∞, then A has nonempty interior.
(ii) Assume A is convex and has nonempty interior. Then ρA ,S is continuous whenever it is finite-
valued.
Proof of Theorem 3.1
Assume (a) holds, i.e., ρA ,S admits an extension to a finite-valued, continuous map on L . Then, clearly,
ρA ,S must also be continuous with respect to the L -topology. It follows that (b) holds.
Let (b) hold so that ρA ,S is continuous at 0 with respect to the L -topology. Since ρA ,S is finite at 0,
Lemma 3.4 implies that A must have nonempty interior with respect to the L -topology, hence (c) holds.
Now, assume that (c) holds so that A has nonempty interior with respect to the L -topology. As a result,
we find an open subset U of L such that U ∩S ⊂ A . Since S is dense in L and U is open in L , we
have that U ∩S is nonempty and
clL (U ) = clL (U ∩S ) . (8)
It follows that
U ⊂ clL (U ) = clL (U ∩S ) ⊂ clL (A ) , (9)
proving that clL (A ) has nonempty interior in L and, hence, that (d) holds.
Finally, assume that (d) holds, i.e., clL (A ) has nonempty interior in L . Since A is convex and σ(S ,L
′)-
closed and ρA ,S is finite-valued on S , Lemma 3.2 implies that L
′
+,S ∩B(A ) is nonempty and
ρA ,S(X) = sup
ψ∈L ′
+,S
{σA (ψ) − ψ(X)} (10)
for every X ∈ S .
In particular, it follows that L ′+,S ∩ B(clL (A )) is nonempty by Remark 3.3, so that we can apply
Lemma 3.2 once again to obtain
ρclL (A ),S(X) = sup
ψ∈L ′
+,S
{σclL (A )(ψ) − ψ(X)} = sup
ψ∈L ′
+,S
{σA (ψ)− ψ(X)} (11)
for all X ∈ L . This shows that ρclL (A ),S extends ρA ,S to the whole of L . We claim that ρclL (A ),S is
finite-valued and continuous.
Indeed, note first that, again by Lemma 3.2, the map ρclL (A ),S cannot take the value −∞. Consider now
the convex set
D := {X ∈ L ; ρclL (A ),S(X) <∞} = {X ∈ L ; ρclL (A ),S(X) ∈ R} . (12)
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Since clL (A ) ⊂ D , the interior of D is nonempty. Now, assume there exists X ∈ L \ D . In this case,
by a standard separation argument we find a nonzero ψ ∈ L ′ such that ψ(X) ≤ ψ(Y ) for every Y ∈ D .
Since ρA ,S is finite-valued, the set D contains the subspace S . As a consequence, ψ must annihilate S
and therefore, by density, the whole of L . This is not possible since ψ was nonzero. Hence, D = L
showing that ρclL (A ),S is finite-valued and, by Lemma 3.4, continuous on L . It follows that (d) implies
(a).
We conclude the proof of Theorem 3.1 by observing that any continuous extension of ρA ,S must be unique
because S is dense in L .
4 Extension of risk measures on Lp spaces
We now apply Theorem 3.1 to risk measures of the form ρA ,S on L
p spaces when the underlying acceptance
set A is convex and law-invariant. Recall that a set A ⊂ Lp is called law-invariant if X ∈ A whenever
X ∼ Y for some Y ∈ A . Here, we write X ∼ Y to indicate that X and Y have the same law. Similarly,
a map f : Lp → R is said to be law-invariant if f(X) = f(Y ) whenever X ∼ Y .
Remark 4.1. Recall that every closed, convex, law-invariant set A ⊂ L∞ is also closed with respect to
the σ(L∞, Lp)-topology for any 1 ≤ p ≤ ∞. This property was first shown in the context of standard
probability spaces by Jouini, Schachermayer and Touzi, see Remark 4.4 in [16], and was later extended
to general nonatomic spaces by Svindland, see Proposition 1.2 in [18].
Remark 4.2. Consider a law-invariant acceptance set A ⊂ L∞ and a traded asset S = (S0, ST ). It is
immediate to see that the risk measure ρA ,S is also law-invariant whenever the payoff ST is deterministic.
In particular, the cash-additive risk measure ρA is always law-invariant if A is law-invariant. However,
this need not be the case if ST is genuinely random, as illustrated by the following important example.
1. The Value-at-Risk and Tail Value-at-Risk ofX ∈ L∞ at the level 0 < α < 1 are defined, respectively,
by
VaRα(X) := inf{m ∈ R ; P(X +m < 0) ≤ α} , (13)
TVaRα(X) :=
1
α
∫ α
0
VaRβ(X)dβ . (14)
As is well-known, e.g. [11], both are law-invariant, cash-additive risk measures. Moreover, TVaRα is
always coherent while VaRα is not convex in general. In particular, we can consider the law-invariant
acceptance set based on Tail Value-at-Risk at level α
A
α := {X ∈ L∞ ; TVaRα(X) ≤ 0} . (15)
We claim that ρA α,S is never law-invariant unless ST is deterministic, in which case ρA α,S is just a
multiple of TVaRα.
To see this, assume ST is not deterministic so that there exist γ2 > γ1 > 0 for which P(ST ≤ γ1) > 0
and P(ST ≥ γ2) > 0. Since (Ω,F ,P) is nonatomic, we can find measurable sets A ⊂ {ST ≤ γ1} and
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B ⊂ {ST ≥ γ2} satisfying P(A) = P(B) = p with 0 < p < 1 − α. Set now C = (A ∪ B)c and note
that P(C) = 1− 2p. For −γ2 < λ < −γ1 we define
X := λ1A − ST 1C and Y := λ1B − ST 1C . (16)
Then clearly X ∼ Y . We now show that ρA α,S(X) > S0 ≥ ρA α,S(Y ), implying that ρA α,S is not
law-invariant.
Indeed, note first that Y + ST ≥ 0 so that ρA α,S(Y ) ≤ S0. Now take m < 0. Then
P(X + ST +m < 0) ≥ P(A) + P(C) = 1− p > α , (17)
implying VaRβ(X + ST ) ≥ 0 for all 0 < β ≤ α and, hence, TVaRα(X + ST ) ≥ 0. Moreover, if
0 ≤ m < −λ−γ1 then P(X+ST +m < 0) = P(A) = p, and therefore VaRβ(X+ST ) ≥ −λ−γ1 > 0
whenever 0 < β < p. It follows that TVaRα(X + ST ) > 0, showing that ρA α,S(X) > S0 as claimed.
2. Sometimes ρA ,S is law-invariant even if ST is not deterministic. For example, consider the law-
invariant acceptance set
A := {X ∈ L∞ ; E[X] ≥ α} (18)
where α ∈ R. Since ρA ,S(X) = S0E[ST ](α − E[X]) for any X ∈ L∞, the risk measure ρA ,S is law-
invariant regardless of the choice of the traded asset S.
The following result provides a general extension result for risk measures associated to convex, law-
invariant acceptance sets. If A ⊂ L∞, we denote by clp(A ) the closure of A in Lp, 1 ≤ p < ∞. Note
that every finite-valued risk measure ρA ,S on L
p, for 1 ≤ p ≤ ∞, is automatically continuous when A is
convex by Theorem 1 in [1].
Theorem 4.3. Let A ⊂ L∞ be a convex, law-invariant acceptance set and consider a traded asset
S = (S0, ST ) with ST ∈ L∞. Assume ρA ,S is finite-valued and, hence, continuous on L∞. For every
1 ≤ p <∞, the following statements are equivalent:
(a) ρA ,S can be extended to a finite-valued and, hence, continuous risk measure on L
p;
(b) if (Xn) ⊂ L∞ and Xn → 0 in Lp, then ρA ,S(Xn)→ ρA ,S(0);
(c) cl∞(A ) has nonempty interior with respect to the L
p-topology;
(d) clp(A ) has nonempty interior in L
p.
In this case, the extension is unique and is given by ρclp(A ),S.
Proof. Since ρA ,S is assumed to be continuous on L
∞, we have ρA ,S = ρcl∞(A ),S by Lemma 2.5 in [8].
Note that cl∞(A ) is still convex and law-invariant. Indeed, ρA is law-invariant and cl∞(A ) consists
of all X ∈ L∞ such that ρA (X) ≤ 0. As a consequence, the theorem follows from Theorem 3.1 and
Remark 4.1.
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As a consequence of Theorem 4.3, it is natural to define the index of finiteness of a risk measure ρA ,S as
follows:
Definition 4.4. Let A ⊂ L∞ be a convex, law-invariant acceptance set and consider a traded asset
S = (S0, ST ) with ST ∈ L∞. If ρA ,S is finite-valued on L∞, the index of finiteness of ρA ,S is defined as
fin(ρA ,S) := inf {p ∈ [1,∞) ; clp(A ) has nonempty interior in Lp} . (19)
If the infimum in (19) is attained and we set p := fin(ρA ,S), then L
p is the largest space for which there
exists a finite-valued and, hence, continuous extension of ρA ,S . Therefore, if we are interested in preserving
finiteness and continuity properties of a risk measure, the space Lp is to be considered the canonical model
space for ρA ,S . From this perspective, the canonical model space for convex, law-invariant (cash-additive)
risk measures is not always L1, but will depend on the individual risk measure. As illustrated below, for
every 1 ≤ p ≤ ∞ we can find convex, law-invariant, cash-additive risk measures having index of finiteness
equal to p. In particular, there are risk measures of this type which cannot be extended beyond L∞ in a
way that preserves finiteness and continuity.
Remark 4.5. Note that the existence of a finite-valued, continuous extension of a risk measure ρA ,S
satisfying the assumptions of Theorem 4.3 does not depend on the properties of the payoff ST , but only
on the topological properties of the acceptance set A . An important consequence is that, if ρA ,S is
finite-valued on L∞, then
fin(ρA ,S) = fin(ρA ) . (20)
However, the finiteness of ρA ,S on L
∞ does depend on the interplay between the acceptance set and the
traded asset, as illustrated by our next examples and extensively documented in [8].
5 Qualitative robustness
In this section we recall the notion of qualitative robustness introduced by Kra¨tschmer, Schied, and Za¨hle
in [14] and we discuss the link with our previous results.
Consider a law-invariant acceptance set A ⊂ L∞ and its associated cash-additive risk measure ρA which
is, then, also law-invariant. If we denote by PX the law of X, i.e. PX(A) := P(X ∈ A) for all Borel sets
A ⊂ R, and set
M∞ := {PX ; X ∈ L∞} , (21)
we can define a functional RA :M∞ → R by
RA (PX) := ρA (X) . (22)
The capital position X of a financial institution is often estimated through a sequence of historical
observations x1, . . . , xN ∈ R, and the quantity RA (m), where m denotes the empirical distribution of
these observations, is used as a natural proxy for ρA (X). The importance of the robustness properties of
the operator RA were discussed in detail by Cont, Deguest, and Scandolo in [4]. Based on that paper, a
refined notion of qualitative robustness has been recently proposed in [14] and further studied in [15].
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LetM denote the set of (Borel) probability measures over R. To any µ ∈ M which is not a Dirac measure,
we can associate a nonatomic probability space (Ωµ,Fµ,Pµ) supporting a sequence (Xn) of i.i.d. random
variables having µ as their common law, see for instance Section 11.4 in [5]. For n ∈ N, the empirical
distribution of X1, . . . ,Xn is the map m
µ
n : Ωµ →M∞ defined by
mµn(ω) :=
1
n
n∑
i=1
δXi(ω) for ω ∈ Ωµ , (23)
where δXi(ω) denotes the standard Dirac measure associated to the singleton {Xi(ω)}. Moreover, we can
consider the random variable RA (mµn) given by
RA (mµn)(ω) := RA (mµn(ω)) for ω ∈ Ωµ . (24)
The following notion of qualitative robustness is a generalization of the classical notion introduced by
Hampel in [12]. For 1 ≤ p < ∞ define ψp(x) := 1p |x|p, x ∈ R, and recall from [15] that a set N ⊂ M is
said to be uniformly p-integrating if
lim
M→∞
sup
µ∈N
∫
{ψp≥M}
ψp(x)dµ(x) = 0 . (25)
Definition 5.1. The functional RA is said to be p-robust on M∞, 1 ≤ p < ∞, if for any uniformly
p-integrating set N ⊂M∞, µ ∈ N and ε > 0 there exist δ > 0 and n0 ∈ N such that
dP (µ, ν) +
∣∣∣∣
∫
R
ψp(x)dµ(x) −
∫
R
ψp(x)dν(x)
∣∣∣∣ ≤ δ (26)
implies
dP
(
P
µ
RA (m
µ
n)
,PνRA (mνn)
)
≤ ε (27)
for ν ∈ N and n ≥ n0, where dP denotes the usual Prohorov metric over M.
Hence, if RA is p-robust onM∞, then a suitable small change in the law of the data entails an arbitrarily
small change in the law of the corresponding estimators.
Remark 5.2. As discussed in [14] and [15], the choice to add an additional term to the Prohorov metric
in (26), as opposed to the classical framework developed by Hampel in [12], has the main advantage of
making RA (µ) sensitive to the tail behaviour of µ. Indeed, under the Prohorov metric, or equivalently
under any metric inducing the weak topology on M, like the Le´vy metric, two distributions µ and ν may
possess a different tail behaviour but be rather close in metric terms. In this case, qualitative robustness
would essentially prevent RA from discriminating across different tail profiles. For more details about
the Prohorov and Le´vy metric we refer to Section 11.3 in [5].
Based on [14], the same authors introduced in [15] the index of qualitative robustness for a risk measure
ρA defined by
iqr(ρA ) := (inf{p ∈ [1,∞) ; RA is p-robust on M∞})−1 . (28)
By combining Theorem 2.16 in [15] and our previous Theorem 4.3 we obtain the following interesting result
relating the qualitative robustness of the operator RA to the topological properties of the acceptance set
A .
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Theorem 5.3. Assume A ⊂ L∞ is a convex, law-invariant acceptance set, and let 1 ≤ p < ∞. The
following statements are equivalent:
(a) RA is p-robust on M∞;
(b) clp(A ) has nonempty interior in L
p.
Moreover, we have
iqr(ρA ) =
1
fin(ρA )
. (29)
In the final sections we compute the index of finiteness of several risk measures. As a consequence of
the above theorem, these examples turn out to be important also from the perspective of qualitative
robustness.
6 Risk measures based on utility functions
In this section we analyse the index of finiteness of risk measures based on expected utility. Note that,
even though such risk measures are treated in [15], no results concerning their statistical robustness are
proved there.
Recall that a nonconstant function u : R → R ∪ {−∞} is said to be a utility function if u is increasing
and concave. This implies that u is unbounded from below. In the sequel, we assume that u denotes a
utility function which is bounded from above.
For every 1 ≤ p ≤ ∞ and a level α ∈ R we set
A
p
u := {X ∈ Lp ; E[u(X)] ≥ α} . (30)
Clearly, this set is nonempty if and only if u(x) ≥ α for some x ∈ R, which we assume from now on.
Moreover, in that case A pu is a convex, law-invariant acceptance set.
We start by providing a characterization of when risk measures of the form ρA∞u ,S are finite-valued on
L∞.
Proposition 6.1. Let S = (S0, ST ) be a traded asset with ST ∈ L∞.
(i) Assume u never attains the value −∞ and u(x) > α for some x ∈ R. Then the following are
equivalent:
(a) ρA ∞u ,S is finite-valued and, hence, continuous on L
∞;
(b) P(ST = 0) = 0.
(ii) Assume u attains the value −∞ or u(x) ≤ α for all x ∈ R. Then the following are equivalent:
(a) ρA ∞u ,S is finite-valued and, hence, continuous on L
∞;
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(b) P(ST ≥ ε) = 1 for some ε > 0.
Proof. First, we show that ρA∞u ,S never takes the value −∞. To this end, fix X ∈ L∞ and γ > 0 such
that P(ST ≥ γ) > 0. Then, since u is unbounded from below, we can always find λ > 0 sufficiently large
to yield
E[u(X − λST )] ≤ u(‖X‖∞ − λγ)P(ST ≥ γ) + sup
x∈R
u(x)P(ST < γ) < α . (31)
This implies X − λST /∈ A ∞u and, hence, ρA∞u ,S(X) > −∞.
To prove (i), assume first that (a) holds so that ρA ∞u ,S(−ξ1Ω) <∞ for any ξ > 0. As a result, for every
ξ > 0 there exists λ > 0 such that
u(−ξ)P(ST = 0) + sup
x∈R
u(x)P(ST > 0) ≥ E[u(−ξ1Ω + λST )] ≥ α . (32)
Since u is unbounded below, this is only possible if P(ST = 0) = 0, proving (b).
Now assume (b) holds and take X ∈ L∞. Since u(x) > α for some x ∈ R and P(ST = 0) = 0, we can find
ε > 0 sufficiently small to obtain
E
[
u
(
X +
1
ε2
ST
)]
≥ u
(
1
ε
− ‖X‖∞
)
P(ST ≥ ε) + u(−‖X‖∞)P(ST < ε) ≥ α , (33)
implying that ρA∞u ,S(X) <∞. Hence, (a) follows since ρA∞u ,S never attains the value −∞.
To prove (ii), we first show that (b) always implies (a). Indeed, if (b) holds then ST is an interior point
of L∞, hence ρA∞u ,S is finite-valued by Proposition 3.1 in [8].
Conversely, assume that (a) holds under the condition that u(−ξ) = −∞ for some ξ > 0. In this case,
set X := (−ξ − 1)1Ω and note that for every λ > 0 there exists ε > 0 such that u(−ξ − 1 + λε) = −∞.
Now, if P(ST < ε) > 0 for all ε > 0, this implies
E[u(X + λST )] ≤ u(−ξ − 1 + λε)P(ST < ε) + sup
x∈R
u(x)P(ST ≥ ε) < α . (34)
As a result ρA ∞u ,S(X) = ∞, contradicting (a). Hence, we must have P(ST ≥ ε) > 0 for some ε > 0 so
that (b) holds.
Finally, assume that (a) holds and u is bounded from above by α, and set x0 := inf{x ∈ R ; u(x) = α}.
Moreover, take ξ > −x0. Since ρAu,S(−ξ1Ω) < ∞, there exists λ > 0 such that E[u(−ξ1Ω + λST )] ≥ α.
But this is only possible if −ξ + λST ≥ x0 almost surely, implying that P(ST ≥ ξ+x0λ ) = 1. As a
consequence (b) holds, concluding the proof.
To study extension properties of risk measures based on expected utility, we first need to investigate the
topological structure of the corresponding acceptance sets.
Lemma 6.2. For every 1 ≤ p ≤ ∞, the acceptance set A pu is closed in Lp.
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Proof. To prove that A pu is closed in Lp, take a sequence (Xn) in A
p
u and assume Xn → X in Lp as
n→∞. Since Xn → X almost surely as n→∞, up to passing to a suitable subsequence, it follows from
the continuity of u and by Fatou’s lemma, e.g. Lemma 4.3.3 in [5], that
E[u(X)] = E [limu(Xn)] ≥ lim supE[u(Xn)] ≥ α . (35)
This shows that X ∈ A pu and, hence, that A pu is closed.
Assume S = (S0, ST ) is a traded asset with ST ∈ L∞+ such that ρA ,S is finite-valued and fix 1 ≤ p <∞.
Then by Theorem 4.3 we know that ρA ,S can be extended to a finite-valued, continuous risk measure on
Lp if and only if clp(A
∞
u ) has nonempty interior in L
p. Since, by the above lemma, clp(A
∞
u ) ⊂ A pu we
infer that if A pu has empty interior, then ρA ,S cannot admit such an extension. The result below provides
conditions for A pu to have empty interior. In particular, condition (ii) shows that this may depend on
the decay behaviour of the utility function at −∞.
Lemma 6.3. Fix 1 ≤ p <∞ and assume one of the following conditions:
(i) u(x) ≤ α for all x ∈ R;
(ii) limx→∞
xp
u(−x) = 0.
Then A pu has empty interior in Lp.
Proof. (i) Take X ∈ A pu and r > 0. Choose first γ > 0 with P(|X| < γ) > 0 and then ξ > 0 such
that u(γ − ξ) < α. Since (Ω,F ,P) is nonatomic we find A ⊂ {|X| < γ} with P(A) < rp
ξp
. Set now
Y := (X − ξ)1A +X1Ac , and note that ‖X − Y ‖pp = ξpP(A) < rp. Moreover,
E[u(Y )] = E[u(X − ξ)1A] + E[u(X)1Ac ] ≤ u(γ − ξ)P(A) + αP(Ac) < α . (36)
Hence, in every neighborhood of X there exists some element which does not belong to A pu . Since X was
arbitrary, this implies A pu has empty interior.
(ii) Take X ∈ A pu ∩ L∞ so that u(‖X‖∞) ≥ E[u(X)] ≥ α, and fix r > 0. It is easy to see that by
assumption we can find a sufficiently large ξ > 0 such that
0 ≤ u(‖X‖∞)− α
u(‖X‖∞)− u(‖X‖∞ − ξ)
<
rp
ξp
< 1 . (37)
As a consequence, taking λ ∈ (0, 1) with
u(‖X‖∞)− α
u(‖X‖∞)− u(‖X‖∞ − ξ)
< λ <
rp
ξp
(38)
we obtain ξpλ < rp and
λu(‖X‖∞ − ξ) + (1− λ)u(‖X‖∞) < α . (39)
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Since (Ω,F ,P) is nonatomic, P(A) = λ for a suitable A ∈ F . Now, consider the random variable
Y := (X − ξ)1A + X1Ac . Clearly, ‖X − Y ‖pp = ξpP(A) < rp. Moreover, as a consequence of (39), we
obtain
E[u(Y )] ≤ P(A)u(‖X‖∞ − ξ) + P(Ac)u(‖X‖∞) < α . (40)
This implies that X is not an interior point of A pu . As a result, by the density of L∞ in Lp we can
conclude that A pu has empty interior.
The following result follows immediately from the discussion preceding Lemma 6.3.
Corollary 6.4. Assume that either u(x) ≤ α for all x ∈ R or that u attains the value −∞. Then, for any
traded asset S = (S0, ST ) with ST ∈ L∞ such that ρA ,S is finite-valued on L∞, we have fin(ρA ∞u ,S) =∞.
Remark 6.5. As an example of a utility function attaining the value −∞ we can consider a capped
log-utility of the form
u(x) :=


C if x ≥ c
log(1 + x) if 0 ≤ x < c
−∞ if x < 0
(41)
for fixed constants c > 0 and C = log(1 + c).
In view of Corollary 6.4 we assume for the rest of this section that u is finite-valued and u(x) > α for
some x ∈ R. Under this assumption, we can refine Theorem 4.3 as follows.
Theorem 6.6. (i) For any 1 ≤ p <∞ we have clp(A ∞u ) = A pu .
(ii) Let S = (S0, ST ) be a traded asset with ST ∈ L∞. Assume ρA ∞u ,S is finite-valued and, hence,
continuous on L∞, and fix 1 ≤ p <∞. The following statements are equivalent:
(a) ρA ∞u ,S can be extended to a finite-valued and, hence, continuous risk measure on L
p;
(b) A pu has nonempty interior in Lp.
In this case, the extension is unique and given by ρA pu ,S.
Proof. By virtue of Theorem 4.3 it is enough to show part (i). To this end, since A pu is closed by
Lemma 6.2, we only need to prove that any element X ∈ A pu is the limit in Lp of a suitable sequence
(Xn) of elements in A
∞
u . Now, take X ∈ A pu .
Since there exists x ∈ R such that u(x) > α, we can find Y ∈ Lp with E[u(Y )] > α. Then, setting
Zλ := λX + (1− λ)Y for λ ∈ (0, 1), the concavity of u yields
E[u(Zλ)] ≥ λE[u(X)] + (1− λ)E[u(Y )] > α . (42)
Since Zλ → X in Lp as λ→ 1, this shows we may assume that E[u(X)] > α without loss of generality.
Now, assume X is bounded from below almost surely, and set Xn := X1{X≤n} ∈ L∞ for any n ∈ N. Then
α < E[u(X)] = E[u(Xn)] + E[u(X1{X>n})] . (43)
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Since u is bounded from above, we have E[u(X1{X>n})]→ 0 as n→∞ by dominated convergence, hence
E[u(Xn)] > α for large enough n ∈ N. In particular, we eventually have Xn ∈ A ∞u . This shows that
X ∈ clp(A ∞u ) because Xn → X in Lp as n→∞.
Finally, assume X is not bounded from below almost surely and define for each n ∈ N the random variable
Xn := X1{X≥−n} ∈ Lp. Clearly, Xn → X in Lp as n → ∞. Moreover, E[u(Xn)] ≥ E[u(X)] > α for all
n ∈ N by the monotonicity of u. Since every Xn is bounded from below almost surely, we can rely on the
previous argument and conclude that Xn ∈ clp(A ∞u ) for any n ∈ N so that X ∈ clp(A ∞u ).
Exponential utility
The index of finiteness may be ∞ even if u never attains the value −∞. To see this we consider the
exponential utility function u(x) := 1 − e−γx, x ∈ R, for some fixed γ > 0. The following result shows
that finite-valued risk measures on L∞ based on expected exponential utility do not admit finite-valued,
hence continuous, extensions to any Lp space, 1 ≤ p <∞.
Corollary 6.7. Let S = (S0, ST ) be a traded asset with ST ∈ L∞, and assume ρA∞u ,S is finite-valued.
Then fin(ρA ∞u ,S) =∞.
Proof. For any 1 ≤ p <∞ we have
lim
x→∞
xp
u(−x) = limx→∞
xp
1− eγx = 0 . (44)
Hence, Lemma 6.3 implies that the interior of A pu is empty, thus ρA∞u ,S does not admit any finite-valued,
continuous extension to Lp by Theorem 6.6.
Flat power utility
We now show that we can find convex risk measures on L∞ whose index of finiteness is equal to any
prescribed number 1 ≤ q <∞. To this effect recall that the flat power utility function is defined by
u(x) :=
{ − |x|q if x < 0
0 if x ≥ 0 (45)
where 1 ≤ q <∞.
Corollary 6.8. Let S = (S0, ST ) be a traded asset with ST ∈ L∞, and assume ρA∞u ,S is finite-valued.
Then fin(ρA ∞u ,S) = q and the index is attained.
Proof. First, note that
E[u(X)] = −‖X ∧ 0‖qq for all X ∈ L1 . (46)
Since we assumed that u(x) > α for some x ∈ R, this implies α < 0 in the present case.
For p ≥ q the map U : Lp → R defined by
U(X) := E[u(X)] for X ∈ Lp (47)
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is easily seen to be continuous. Since A pu contains the nonempty, open set U−1((α,∞)), it must have
nonempty interior, hence fin(ρA ∞u ,S) ≤ q by Theorem 6.6. In particular, note that ρA∞u ,S can be extended
to a finite-valued, continuous risk measure on Lq.
If p < q, then it is immediate to see that
lim
x→∞
xp
u(−x) = − limx→∞x
p−q = 0 . (48)
Consequently, the interior of A pu is empty by Lemma 6.3, hence fin(ρA ∞u ,S) ≥ q as a consequence of
Theorem 6.6. In conclusion, fin(ρA ∞u ,S) = q and the index is attained.
An example of a non-HARA utility
In this section we focus on the utility function
u(x) :=
{
C if x ≥ c
1
a
(1 + ax−√1 + a2x2) if x < c (49)
for fixed parameters a > 0 and c ≥ 0, and C = 1
a
(1 + ac − √1 + a2c2). The uncapped version was
proposed in Section 2.2.2 in [13] as a tractable alternative to exponential utility if one wants to penalize
negative wealth less severely. The following result shows that the corresponding risk measures can always
be extended to L1.
Corollary 6.9. Let S = (S0, ST ) be a traded asset with ST ∈ L∞, and assume ρA∞u ,S is finite-valued.
Then fin(ρA ∞u ,S) = 1 and the index is attained.
Proof. Define the map U : L1 → R by setting
U(X) := E[u(X)] for X ∈ L1 . (50)
Since U is concave and increasing, it is continuous by Theorem 1 in [1]. As a result, A 1u has nonempty
interior because it contains the nonempty, open set U−1((α,∞)). In conclusion, Theorem 6.6 implies that
fin(ρA ∞u ,S) = 1 and the index is clearly attained.
7 Max-correlation risk measures
In this section we provide a characterization of the index of finiteness for the so-called max-correlation
risk measure introduced by Ru¨schendorf in [17] and studied by Ekeland and Schachermayer in [6] and by
Ekeland, Galichon, and Henry in [7].
Consider a probability measure Q on (Ω,F) that is absolutely continuous with respect to P. Assume that
1 ≤ p ≤ ∞ is such that dQ
dP
∈ Lp′ and define the max-correlation risk measure ρQ,p : Lp → R ∪ {∞} by
ρQ,p(X) := sup
{
E[−XY ] ; Y ∼ dQ
dP
}
for X ∈ Lp . (51)
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As a consequence of Theorem 13.4 in [3], for any X ∈ L∞ we have the equivalent (and more common)
formulation
ρQ,p(X) := sup
X′∼X
EQ[−X ′] for X ∈ Lp . (52)
The acceptance set associated with ρQ,p is given by
A
p
Q := {X ∈ Lp ; ρQ,p(X) ≤ 0} =
{
X ∈ Lp ; E[XY ] ≥ 0, ∀Y ∼ dQ
dP
}
. (53)
Clearly, A pQ is law-invariant and coherent, i.e. a convex cone.
We start by showing when the risk measure ρA∞
Q
,S is finite-valued on L
∞.
Proposition 7.1. Let S = (S0, ST ) be a traded asset with ST ∈ L∞. The following are equivalent:
(a) ρA ∞
Q
,S is finite-valued and, hence, continuous on L
∞;
(b) infZ∼ST EQ[Z] > 0.
Proof. Since A∞Q is coherent, it follows from Proposition 3.6 and Theorem 3.16 in [8] that (a) is equivalent
to ST being an interior point of A
∞
Q . By the continuity of the cash-additive risk measure ρQ,∞, this is
equivalent to ρQ,∞(ST ) < 0, concluding the proof.
Before proving the extension result for max-correlation risk measures, we need the following lemma.
Lemma 7.2. Let 1 ≤ p ≤ ∞ and assume that dQ
dP
∈ Lp′. Then ρQ,p is finite-valued and, hence, continuous
on Lp.
Proof. For X ∈ Lp we have
|ρQ,p(X)| ≤ ‖X‖p
∥∥∥∥dQdP
∥∥∥∥
p′
(54)
so that ρQ,p is finite-valued on L
p. Moreover, for any X,Y ∈ Lp we have ρQ,p(X) ≤ ρQ,p(X−Y )+ρQ,p(Y )
by subadditivity and, consequently,
|ρQ,p(X)− ρQ,p(Y )| ≤ ‖X − Y ‖p
∥∥∥∥dQdP
∥∥∥∥
p′
. (55)
It follows that ρQ,p is Lipschitz-continuous on L
p.
We now characterize for which 1 ≤ p < ∞ the risk measure ρQ,∞ admits a finite-valued, continuous
extension to Lp.
Proposition 7.3. For 1 ≤ p <∞ the following holds:
(i) If dQ
dP
∈ Lp′, then ρQ,∞ admits a unique finite-valued, continuous extension to Lp which is given by
ρQ,p.
16
(ii) If dQ
dP
6∈ Lp′, then ρQ,∞ does not admit finite-valued, continuous extensions to Lp.
Proof. Since (i) follows readily from the preceding lemma, we only need to prove (ii). Assume that ρQ,∞
admits a finite-valued and, hence continuous extension to Lp. Since A ∞Q is closed, Theorem 4.3 implies
that it must have nonempty interior with respect to the Lp-topology. Consider now the linear functional
V : L∞ → R defined by
V (X) := EQ[X] for X ∈ L∞ . (56)
Note that A ∞Q ⊂ V −1([0,∞)) implies that V −1([0,∞)) has nonempty interior with respect to the Lp-
topology. Therefore, V is continuous with respect to that topology. As a result, there exists a continuous,
linear functional V : Lp → R extending V . In particular, we can find Z ∈ Lp′ such that
E[XZ] = V (X) = V (X) = EQ[X] for all X ∈ L∞ , (57)
implying dQ
dP
= Z almost surely. Hence, dQ
dP
∈ Lp′ contradicting the assumption. Consequently, ρQ,∞ does
not admit any finite-valued and, hence, continuous extension to Lp.
Set now
q := sup
{
p′ ∈ [1,∞) ; dQ
dP
∈ Lp′
}
. (58)
The following result characterizes the index of finiteness of ρA∞
Q
,S . For ρQ,∞, it is an immediate conse-
quence of Proposition 7.3. The extension in the case of a general traded asset is ensured by Remark 4.5.
Corollary 7.4. Let S = (S0, ST ) be a traded asset with ST ∈ L∞, and assume ρA∞
Q
,S is finite-valued.
Then fin(ρA ∞
Q
,S) = q
′ and the index is attained if and only if dQ
dP
∈ Lq.
Remark 7.5. It is known that the max-correlation risk measure is a distortion risk measure, see e.g.
Remark 2.6 in [17]. Therefore, an alternative strategy to prove Corollary 7.4 would be to use the results
in the next section. However, the above proof is more direct and simpler.
8 Distortion risk measures
In this section we rely on the results for cash-additive distortion risk measures obtained in [15] and derive
the corresponding index of finiteness for general risk measures which need not be cash-additive.
Let δ : [0, 1] → [0, 1] be a concave, increasing function satisfying δ(0) = 0 and δ(1) = 1. For X ∈ L∞
we denote by FX the distribution function of X. The corresponding distortion risk measure is the map
ρδ : L
∞ → R defined by
ρδ(X) :=
∫ 0
−∞
δ(FX (x))dx −
∫ ∞
0
(1− δ(FX (x)))dx for X ∈ L∞ . (59)
We refer to Section 4.6 in [11] for more details about this type of risk measures. As it is well-known, ρδ
is a coherent, law-invariant, cash-additive risk measure, hence the corresponding acceptance set
Aδ := {X ∈ L∞ ; ρδ(X) ≤ 0} (60)
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is law-invariant and coherent.
First, we characterize when general risk measures associated to the acceptance set Aδ are finite-valued on
L∞.
Proposition 8.1. Let S = (S0, ST ) be a traded asset with ST ∈ L∞. The following are equivalent:
(a) ρAδ,S is finite-valued and, hence, continuous on L
∞;
(b) δ(FST (x)) < 1 for some x > 0.
In particular, if δ is strictly increasing on some left neighborhood of 1, then (a) holds.
Proof. First, note that Aδ has nonempty interior in L
∞ because it contains a translate of L∞+ by mono-
tonicity, and the corresponding interior points are those X ∈ L∞ satisfying ρAδ (X) < 0. By combining
Proposition 3.6 and Theorem 3.16 in [8], it follows that ρAδ,S is finite-valued on L
∞ if and only if ST
belongs to the interior of Aδ. As a result, the assertion (a) is then equivalent to
ρAδ (ST ) = −
∫ ∞
0
(1− δ(FST (x)))dx < 0 , (61)
which, in turn, is equivalent to (b) by virtue of the monotonicity of δ.
Now, define
q := sup
{
p ∈ [1,∞) ;
∫ 1
0
(δ′+(λ))
pdλ <∞
}
(62)
where δ′+ denotes the right derivative of δ.
The following result follows directly from Proposition 2.22 in [15] combined with Remark 4.5.
Proposition 8.2. Let S = (S0, ST ) be a traded asset with ST ∈ L∞, and assume ρAδ,S is finite-valued.
Then fin(ρAδ ,S) = q
′ and the index is attained if and only if
∫ 1
0 (δ
′
+(λ))
qdλ <∞.
Example 8.3. Let S = (S0, ST ) be a traded asset with ST ∈ L∞, and assume the corresponding risk
measure ρAδ ,S is finite-valued over L
∞. The following distortion functions are discussed in [2]; see also
[15].
The MAXVAR risk measure corresponds to the distortion function
δ(x) = x
1
γ for x ∈ [0, 1] and γ ≥ 1 . (63)
A direct computation shows that fin(ρAδ ,S) = γ and that the index is not attained.
Similarly, the MINVAR risk measure corresponds to
δ(x) = 1− (1− x)γ for x ∈ [0, 1] and γ ≥ 1 . (64)
In this case, fin(ρAδ ,S) = 1 and the index is attained.
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The MAXMINVAR risk measure is associated to the distortion
δ(x) = (1− (1− x)γ) 1γ for x ∈ [0, 1] and γ ≥ 1 . (65)
Since δ′(x) ∼ (γx) 1γ−1 for x→ 0, it follows that fin(ρAδ,S) = γ and the index is not attained.
Similarly, the MINMAXVAR risk measure corresponding to
δ(x) =
(
1− (1− x) 1γ
)γ
for x ∈ [0, 1] and γ ≥ 1 (66)
is such that fin(ρAδ ,S) = γ, and the index is not attained.
We can also consider the distortion
δ(x) =
(
1− (1− x) 1β
)γ
for x ∈ [0, 1] and β, γ ≥ 1 . (67)
In this case fin(ρAδ ,S) = β, in accordance with Example 2.23 in [15], and the index is not attained.
Example 8.4. Consider a distortion function of the form
δ(x) =
1
log(2)
log(1 + x) for x ∈ [0, 1] . (68)
Then it is immediate to see that fin(ρAδ,S) = 1 and that the index is attained.
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